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Abstract. We consider a univalent analytic function of a unit disk whose image is a domain 
bounded by a quasicircle. Then we will establish a covering theorem with respect to radial 
segments. 
1. INTRODUCTION 
We designate the chordal distance between the points wr and wz in the extended complex 
w -plane c by q(wl, wz), that is 
q(w,wz) = IWl - w21/ (1 + lwl2)(1 + Iw212), (1.1) 
if wr and w2 are both finite, and 
We define the chordal cross ratio of quadruples WI, ~2, ws, w4 in c by 
X(w, w2, wsr w4) = 
q(w1, wz)q(ws, w4) 
q(w, Ws)Q(Wz, w4) - 
(I-3) 
A Jordan curve y in c is called a k-circle, where 0 < k 5 1, if for all ordered quadruples 
of points on y, 
X(w1, w2, ws, w4) + qw2, ws, w4, Wl) s l/h. (l-4) 
This definition of a k-circle was introduced by Blevine [2]. It is well-known that a k-circle 
is a quasicircle (see Ahlfors [l]). One of the simplest k-circles is {w : larg WI = arcsin k}. 
Throughout the note the value of arcsin is restricted between 0 and 7r/2. 
In this note, we consider a univalent analytic mapping f(z) = z + C,“=, a,& of a 
unit disk U = {z : Irl < 1) whose image f(U) is a domain bounded by a k-circle. Let 
R(B) = {w : arg w = 0) and e(0) denote the linear measure of R(0) n p(V). 
Let D(d) be a Jordan domain bounded by {w : larg(w + d)] = I - arcsin k} with 
0 E D(d) and d = n/4(7r - arcsin k}. Then we will verify the following theorem. 
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THEOREM. Under the assumption &s just described, 
l/e(e) + l/e(z - 6’) 5 l/(d cost)), 
while 
l/!(e) + l/e(n - S) 5 2/d for 
we have the inequality 
for 0 5 e 5 ~13 
z/3 < e 5 ~12 
The equality in (1.5) is attained only for the function F(Z) = T(fo(z)), where 
fo(z) = d (s) 1’2d - d 
and 
T(W) = = 
W + w 
with w1 = 2d(cos B)eie and w2 = 2d(cos @+(x-e), and for 4 5 (mAn 8)/2. 
Corresponding to our result, recently Blevins [4] has obtained the inequalities 
e(e)qn - e) 2 4d2c0s2 8, for 0 5 8 5 z/3 
e(e)qT - e) 2 d2, for z/3 < e 5 n/2 
(1.5) 
(1.6) 
(1.7) 
(1.3) 
(1.0) 
(1.10) 
His result follows from our inequalities as a corollary. We will verify the theorem by a simple 
and elementary method, while Blevins’ one is rather complicated. Moreover, his method is 
impossible to verify the inequality (1.5), which is the main result in the note. 
2. PROOF OF THE THEOREM 
PROOF: Let w1 = rleie and w2 = ~2e~(~-~) (= --T2e -ie) be the points on 7 such that the 
segment (O,rre”) and (0, -r2emie) are in ,f(U). Without loss of generality we can assume 
r1 = a, r2 = at (a > 0,t 1 1). We will verify the theorem only when this case holds, 
because the other case can be verified analogously. 
We now consider a Mobius transformation 
C(w) = A!!?- = z + 2 b,z” , 
WI - w n=2 > 
(2.1) 
with w = f(z). 
Then, we have the equalities 
(2.2) 
Here, we utilize the following Lemma due to Blevins [2]. 
LEMMA. For the distance d(y, 0) between 7 and the origin, there holds the inequality 
d(7, 0) Z d. (2.3) 
The equality holds if and only if p(U) is a simple rotation of D(d) around the origin. 
Applying the Lemma to our case, we have the inequality 
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because y is mapped onto a h-circle under the transformation (2.1) and then the function 
(2.1) of z belongs to the class considering in this note. Using the inequality (2.4) we have 
the following inequality 
agt2 > d2(1 + t2 + 2t CO8 28), (2.5) 
and then 
(l/n + llr2) -2 - 
a2t2 
- (1 + t)2 
d2t2 
1 (1 + ty 
1 + t2 + 2t cos 28 
t2 
= d2 l + 
2t(cos 28 - 1 
(1 + q2 > 
zd2 ( l+ co9 20 
- 
2 1 > 
= d2cos2 8. 
(2.6) 
The equality l/rr + l/r2 = l(d cos 0) is attained only if t = 1, r1 = r2 = 2d cos 0. 
Since l(O) > r1 and J(lr - 0) 1 r2, the inequality (1.5) has been proved. The equality 
l/r1 + l/r2 = l/(d cos 0) is attained only if t = 1, rl = r2 = 2d cos 8. 
Now we estimate the condition that the extremal function with equality in (1.5) exists. 
For the case there hold the equalities 
C(w2) = - 
a0 
,ie + +3 
= - a,/(2cos e) (2.7) 
= - deiB (p; real), 
with wr = aoei*, w2 = -a,eDie and a0 = 2d cos 0, which imply p = 0. Because the 
point C(oo) (= -wr = -a,eie = -1 - e-lie) must be contained in the complement of 
D(d), 20 5 arcsin k is necessary for the existence of the extremal function which maps U 
onto D(d). 
From Lemma due to Blevins, the equality in (2.4) is attained only if the function C(w) 
maps j(V) onto D(d). S ince the function f&) and T(w) map U onto D(d), and D(d) 
onto C-‘(D(d)) respectively, the equality in (1.5) is attained only for the function F(z) = 
WOW 
Using the fact e(0) 2 d and 1(0 - rr) 1 d, and 2d cos B < d (for r/3 < B 5 112, we 
can easily conclude that the inequality in (1.6) holds for a/3 < 0 5 7r2. 
Using Theorem in Section 1 
e(e) + L(T - e) 
we have easily the following. 
3. COROLLARY 
and the trivial inequalities 
~2Jm 14/(1/e(e) + I/+ - e)), 
Corollary. Under the assumption as Theorem, we have the inequalities 
e(e) + e(~ - e) 2 4d ~08 8, 
e(e)e(r - e) 1 4d2 ~08~ 8, for 0 5 e 5 n/3 
while 
t(e) + e(~ - e) 1 2d, 
e(e)kp - e) 1 d2, for x/3 < e 5 n/2 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
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The equalities in (3.2) and (3.3) are attained only for the function F(z) = T(f,(z)), where 
fo(z) = d (E) lJzd - d 
and 
with w1 = 2d(cos B)eie and w2 = Bd(cos e)ei(r-e), and for B 5 (arcsin k)/2. 
It is trivial that e(0) and e(n - 0) are able to be changed by $+, 1) and 1(,,, 2) (0 5 1p 1 < 
+,2 5 2a) respectively, throughout the note. Our result of Theorem and Corollary can be 
applied to the p-valent functions. 
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